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The problem of performance robustness, especially in the face of significant parametric uncertainty, has been
increasingly recognized as a predominant issue of engineering significance in many design applications. Quanti-
tative feedback theory is very effective for dealing with this class of problems even when there exist hard
constraints on closed-loop response. In this paper, single-input/single-output quantitative feedback theory is
viewed formally as a sensitivity constrained multiobjective optimization problem whose solution cannot be
obtained analytically but (when feasible) can be obtained graphically. In contrast to the more recent robust
control methods where phase uncertainty information is often neglected, the direct use of parametric uncertainty
and phase information in quantitative feedback theory results in a significant reduction in the cost of feedback.
An example involving a standard quantitative feedback theory problem is included for completeness.

Nomenclature

A:=B = A is defined by B
A —B = A is approximately equal to B
e,r = relative degree of transfer function
GH = H*° controller
GQ = quantitative feedback theory controller
H°° = Banach space of bounded analytic functions
LOO = Banach space of essentially bounded Baire

functions
RH°° = Banach space of bounded analytic functions with

elements from the ring of stable, proper real
rational functions (unit of RH°° = an element of
RH°° whose inverse 6 RH°°)

SH = H°° sensitivity function
SQ = quantitative feedback theory sensitivity function
|| • || oo = norm on LOO
0 = compact parameter space with elements a
o;,X = radian frequency

I. Introduction

T HE last decade has witnessed a steady and growing re-
search effort in robust control; see, for example, Ref. 1.

The majority of this effort has been devoted to systems that
are assumed to have unstructured uncertainty. This allows
such problems to be transformed into a form where the small
gain theorem2 and powerful recent mathematical techniques
from functional analysis and operator theory3'4 can be suc-
cessfully employed for system analysis and synthesis. How-
ever, many problems of practical interest appear as models
with both large parametric uncertainty and high-frequency
nonparametric uncertainty. Typical examples include flight
control and turbomachinery control over a flight envelope
parametrized by power level, height, and Mach number, as
well as general automotive engine control problems.

All of these problems yield a collection of linear models
obtained by a linearization of the parametrically dependent
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nonlinear differential equation set about a finite number of
different operating points. This problem class is often en-
dowed with hard stability and performance constraints such as
on rise time and overshoot. This problem class also requires
plant uncertainty to be expressed as variations in both gain and
phase. Traditional control of this problem has relied on gain
scheduling or the on-line switching of controllers designed for
models obtained at the different operating points, as and when
due. The design of the switching logic and some resulting
stability problems are nontrivial. When feasible, parametric
robust control makes gain scheduling redundant. A nonpara-
metric description of uncertainty is of course possible but will
almost always result in loss of phase information. This often
leads to higher bandwidth controllers.

The quantitative feedback theory (QFT) robust control
methodology introduced by Horowitz and co-workers5"10 is
perhaps the only known technique that considers both large
parametric uncertainty and phase information simultaneously.
The major payoff is the ability to satisfy both robust stability
and multiobjective hard performance constraints with the min-
imum possible cost of feedback. The downside is that the
method, though systematic and powerful in the hands of an
experienced control engineer, has not, until recently, lent itself
easily to formal mathematization as in the rnore recent
paradigms such as H°° control and /* synthesis. The present
effort is an attempt to bridge the gap. A key aim of the present
work is to systematize the QFT design process. The QFT prob-
lem can be posed as a formal sensitivity constrained optimiza-
tion problem11 that reduces to the problem statements in H°°
control when the hard performance constraints and parametric
uncertainty descriptions are relaxed. Consequently, the newer
methods may be viewed as restricted quantitative feedback
design methods.12

This paper is divided into six sections. In Sec. II, we develop
a complete description of the representation of plant uncer-
tainty. In Sec. Ill, we formally state the QFT problem and
subsequently convert it into a constrained sensitivity optimiza-
tion problem whose general analytic solution in unknown. In
Sec. IV, we translate these requirements into the classical QFT
format and use graphical search techniques and H°° design
methodology to generate suboptimal solutions to the sensitiv-
ity optimization problem. In Sec. V, we give a nontrivial exam-
ple with the corresponding H°° solution. This example clearly
demonstrates the more aggressive controller bandwidth prob-
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lem that is called for whenever there is a loss of phase uncer-
tainty information. Finally, in Sec. VI, we give some conclud-
ing remarks.

II. Representation of Plant Uncertainty
We assume that the process to be modeled is uncertain

due to both parametric and unstructured, nonparametric un-
certainty. Parametric uncertainty is uncertainty that can be
represented by parameter variations in a.n appropriately struc-
tured process model, whereas nonparametric uncertainty is
any process uncertainty that cannot be explained adequately
in the context of {he structured uncertainty. Typical sources
of nonparametric uncertainty are unmodejed dynamics,
unmodeled parameter variations, and measurement errors.
The process consists of the union of parametric and nonpara-
metric components.

We may therefore represent the uncertain process as fol-
lows:

= P(a,s) + Pn(s) (1)

Here, {P(s)) is the plant set, P(ot,s) the parametric plant
subset, and Pn(s) the corresponding nonparametric plant
subset in the additive unstructured uncertainty form.16 The
parametric plant set is described by [P(ot,s), a £ ticRm],
where a is an m -dimensional parameter vector that ranges over
the compact parameter space 12. Each u0 £ 0 generates a plant
P(ct0,s) £P(a,s). The set P(ot,s) is represented as

P(a,s) = (2)

Each of the parameters k, z / , &, co*, Pj, f / , co/ is uncertain,
continuously dependent on a € 0, and lies in a specific com-
pact interval. However, the maximum order and maximum
relative degree of P(a,s) is fixed. This representation is most
appropriate for the process behavior in the low to mid fre-
quency range. On the other hand, the unstructured plant sub-
set Pn(s) is assumed to affect the process dynamics signifi-
cantly only at high frequencies. We may then suppose that the
plant set admits the following split frequency representation:

P(a,s), Vco<co/,, s = /co

Pn(s), Vco > co/,, s = /co
(3)

The frequency co/, marks the beginning of the high-frequency
region. For co^co/,, the overall plant set (P(s)) degenerates
to the high-frequency model Pn(s), which is assumed to satisfy

max

Vco > co/,

- * *
" «s

(4)

(5)

where e is the maximum relative degree of P(a,s), and kh
represents the plant high frequency gain defined by

kh : = max (6)

Note in particular that both P(a,s) and Pn(s) have the same
high-frequency gain.

We also assume the following:
1) Pn(s) is stable with its magnitude gain bounded by the

high-frequency gain as just given, but otherwise is totally with-
out structure.

2) On the other hand, the structured model P(a,s) may
be unstable from some or all a € ft, but must have a stable
inverse for all a. € 0; i.e., P(a,s) is minimum phase for all

G P

Fig. 1 Standard two-degree-of-freedom feedback structure.

3) The plant set [ P ( s ) \ is topologically path connected.13'14

The transition frequency to/, is called the Horowitz fre-
quency.13 It is indeed only from this frequency that the plant
set transitions completely to the unstructured model Pn(s)
and is assumed to have arbitrary phase uncertainty. To char-
acterize the low-frequency uncertainty (co<co/,), the mapping
P(o;,/co): ft-*/?(g,0,co) generates a compact set R(g^,^)
in the gain-phase plane at each frequency, commonly called
the plant template. This essentially captures the gain g and
phase 0 variations of the plant at the given frequency co. Sys-
tem design using the full description of #(g,</>,co) will be re-
ferred to hereafter as classical or traditional QFT and has been
under continuous development for over three decades.5

In the present description of plant uncertainty, it is perfectly
legal for the poles of P(ot,s) to migrate to and fro across the
imaginary axis, or indeed for all of the poles to lie entirely in
the open right-half complex plane as a ranges over ft. How-
ever, all of the zeros of P(a,s) are constrained to lie in the
interior of the closed left-half complex plane. This extremely
realistic description of plant uncertainty was originally pro-
posed by Astrom et al.,15 used by Nwokah,13 and has recently
been implicitly used by Bailey and Hui16 and Bailey and Cock-
burn.17 On the other hand, the unstructured uncertainty de-
scription mandated by the H°° methodology dictates that there
be no crisscrossing of poles across the imaginary axis, or equiv-
alently that every member of the plant set (P(s)) must have
exactly the same number of unstable poles.18 For our sen-
sitivity based QFT design to work, we are forced to assume
the same model structure as in H°° control. However, we retain
the full sensitivity uncertainty description as in standard QFT
formulations.6

III. Quantitative Feedback Theory
Problem Specification

The QFT problem can now be stated as follows. There is
given an uncertain family of linear time-invariant finite-
dimensional plants (P(sO) as described in Sec. II. There
is also given an ideal target closed-loop transmission function
T0(s) and an ideal disturbance response transfer function
rg(s). The QFT problem is to find (if possible) an admissible
pair of strictly proper, rational, and stable functions [G(s),
F ( s ) } in the two-degree-of-freedom feedback arrangement
shown in Fig. 1, such that the following conditions are satis-
fied with some measure of optimality:

Robust stability:

T(a,s) is stable Va € ft

Robust performance:

max T(a,s)-T0(s)\ < d T ( s ) 9 Vs

(7)

(8)

Disturbance attenuation

max TD(s)\ < \T°D(s)\ <6D(5), Vs (9)
a 6 £2

where 6r(5)>:0 and 5D(s)>Q are specified a priori, and

7(a,5) = //(a,5) - F(5), 70(5) - H0(s)F(s) (10)



JAN.-FEB. 1992 PARAMETRIC ROBUST CONTROL 209

L0(s)
(H)

L(a,s) = • G(s),

" w v ~' l+L0(s)

L0(s) = P0(s) - G(s) (12)

under the constraint that G(s) is an internally stabilizing con-
troller25 for the plant set {P(s) } . P0(s), unlike the traditional
QFT methodology, is the nominal plant model that can-
not be chosen arbitrarily. The robust performance specifica-
tion given in Eq. (8) is slightly different from the one originally
defined by Horowitz and Sidi6 but is in an analytic form,19

which enables direct time domain to frequency domain conver-
sions via Parseval's theorem.20 Krishnan and Cruickshanks21

have argued that there is insignificant practical difference be-
tween the traditional measure and the one used here. Our
design example to follow also confirms this viewpoint. We
next convert the system design data into equivalent sensitivity
constraints.

From Bode's sensitivity equation, suitably normalized for
large uncertainty,22'23 we can write

T(a,s)-T0(s)
T0(s)

= S(a,s)

where

S(a,s): =

P(a,s)-P0(s)

1

(13)

l+L(a,s)

Therefore,

T(a,s)— T 0 ( s ) \ = max T0(s)S(a,s) P(a,s)-P0(s)

Define the non-negative function dc(s) by

P(a,s)-P0(s)max
a €17

= dG(s),

(14)

(15)

Now put 5 =/co. Then from Eqs. (17) and (15), the tracking
constraint (8) reduces to

max |5(a,/cj)| <' n (16)

Notice that S(a,/o>) carries both gain and phase uncertainty
information with it, but the phase uncertainty information
embodied in the variations of P(o?,/co) is lost when we take the
bound <5G(co). From Fig. 1, it is clear that the disturbance
transfer function TD(s) is given by

1
TD(a,s) =

Thus, the requirement (9) reduces to

max|S(cMw)| < |r2(/w)|

(17)

(18)

Finally, the specifications (7) and (8) put a constraint Mp
on the allowable maximum dynamic magnification of the
frequency response of //(a,/w). A simple analysis of M cir-
cles24 shows that this Mp constraint on |jF/(a,/co)| translates to
a worst case phase stability margin </>w given by

or equivalently,

max|S(o;,/co/?)| < Mp
a € il

(19)

(20)

Consequently, the system specifications (7-9) have now been
converted to sensitivity inequalities. It then follows that all
of the QFT constraints are simultaneously satisfied if there
exists an internally stabilizing controller G(s) for the plant
set (P (s ) J , such that S(ot,s) is stable Vce 6 12 and satisfies,
for s = /co,

max|S(of,/w)| <mi , |7^(/co)| Vco<co /7

(21)

We assume further that L(ct,s) is strictly proper with a mini-
mum relative degree r>2. Under these conditions,

lim
w—oo

€ 12 (22)

It is thus clear that the QFT specifications (7-9) are satisfied if
an only if

S(a,s) is stable 12

max|S(a,/w)| < min | V w > 0)
lim |

CO— OO
| =1V« 6 12

Bode's sensitivity integral25 shows that if S(a,ia)) is stable
a € 12, and L(a,/co) is strictly proper, then

Np
max log|S(a,/w)| dw = max £ Rej>/(a)l (23)
a €f l C J « € « / = ! L }

where P/(ce) is an unstable pole of P(a,s). Since in our present
formulation the poles of P(a,s) are not allowed to migrate
across the imaginary axis, we may choose as our nominal
model P0(s) € {P(s)); the plant with the worst instability,
with the associated sensitivity function S0(s). That is to say,
the nominal model must be chosen such that

Re(Pf) > max £ ReP/(a) (24)

where P° / = 1,2,.. . ,NP are the unstable poles of P0(s), which
is the transfer function for the parameter combination that
generates the worst instability. Given this condition, it follows
from Eq. (23) that

(25)log|S0(/co)| doo > max log|S(ce,/co)| dco
o Jo «6 S i

Hence, inequality (21) is satisfied if an only if

M«)

(26)

Let co5 be the first finite frequency at which IS0(/co)l = 1. This
is called the sensitivity cutoff frequency.26 The benefits of
feedback are only obtained in the interval 0<oo<co5 , whereas
the cost of feedback is paid for in the frequency interval
co5 < co < oo. Let G be the set of all robust stabilizing controllers
for {P(s)). The QFT optimization problem is then set up as
follows:

mini max
G 6 G L « e Q

log|S(a,/co)| do;

subject to the sensitivity constraints:

max |S(a,/o>)| < min
&n\T0\

, co<co/7

(27)

(28)
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Define the non-negative and bounded function:

6r

(29)

$

at

Tt

= C O A ) and
(30)

= 1

M(co) forms a boundary for the magnitude of the optimal
sensitivity function. If an optimal solution S(s) to Eq. (27)
optimization problem exists, it can always be written as

(31)

(32)

= A(s)Sopt(s)

where A(s) is all pass, Sopt and S0pt
! are in H°°, and

|Sopt(*u)| =M(co) almost everywhere

If G(s) is an internally stabilizing controller for the plant set,
it turns out that an Sopt(s) £ //°°, satisfying the constraints (32)
on M(OJ), exists if and only if the non-negative function
A/(co) € LOO and, in addition,23'27

logM(co) (33)

In other words, if an optimal sensitivity function S(s) exists,
its magnitude |S(/co)| lies on the sensitivity boundary M(w)
almost everywhere. This conclusion was also arrived at by
Gera and Horowitz28 from a different route. However, as
pointed out by Gera and Horowitz,28 a finite order
Sopt(s) £ RH°° that simultaneously satisfies the bounds on
M(o>) with equality does not exist.

The QFT problem then effectively reduces to the synthesis
of a suitable approximation of Sopi(s) with a unit Sa(s) € RH°°
such that

\\Sopi(s)-Sa(s)\\at<e (34)

where A (s) can be suitably approximated as

for any arbitrarily small e > 0. If so, then a feasible suboptimal
sensitivity function S0(s), which satisfies the inequality con-
straints on M(OJ), can be written as

(35)

(36)

and Bp(s) represents the Blaschke product of the unstable
poles of P0(s). A mathematical solution of this optimization
and approximation problem does not exist because, in general,
Sopt(s) is not continuous on the boundary, i.e., the imaginary
axis.20

IV. Solution via Automatic Loop Shaping
and H°° Optimization

Although constructive general existence conditions for the
problem posed in Sec. Ill are unknown, QFT has employed
graphical techniques to obtain acceptable solutions for the
same problem for a very long time.6 From Eq. (16), write

- ———— - ———— (37)

where L0: = P0 -G . Suppressing the arguments a, /co, tempo-
rarily, Eq. (37) can be rewritten as

s =
Po/P

The QFT performance and stability specifications now trans-
late to

max 15| = max
a e f t a € f i

Pn/P

L0+(P0/P)

Define the admissible loop transmission set as

Po/P

(39)

(o;,(/>) = J L 0 : max

Vcoe[0 oo)

L0+(P0/P)

(40)

and d/?p(o),</>) as the boundary of #p(o>,0). This boundary
represents the set of all {L0 } where Eq. (39) is satisfied with
equality. Any optimum loop transmission function Lopt that
solves the QFT optimization problem (27-29) must lie on
dtf^c/)) Vtoe[0 oo).28'33 The generation of dBp(w9<t>) pro-
ceeds as follows. At any frequency co = co^, and any phase angle
(/>/ e[0 - 27T], k = 1,2,... ,N, I = 1,2,...,/, L0 is selected by a
search technique such that

max S(iuk)\ = M(co^) (41)

By repeating the search procedure at different 0/ for any given
W f r , a closed continuous curve dBp(uk) can be generated in the
complex plane. This curve demarcates the complex plane into
two disjoint regions: an interior and an exterior region. Any
admissible L0 is required to lie (preferably) on the boundary
dBp(uk) or at least in the exterior region Bp(u,$) in order for
the corresponding sensitivity function to satisfy the QFT speci-
fications at u = cok. For feasibility, the interior region is a
forbidden region. By repeating the same procedure at a finite
number of frequencies, a series of nonintersecting perfor-
mance boundaries are generated on the complex plane. These
boundaries are translated easily to the Nichols chart. The rela-
tive stability specification |S(/co/,)| <MP also translates to a
corresponding (closed) region Bs(u>) surrounding the critical
point (0 dB, -180 deg) on the Nichols chart called the rela-
tive stability region with boundary dBs(ui). Any admissible L0
is also required to avoid the interior of Bs(oo). The perfor-
mance and stability boundary curves, together with a candi-
date loop transmission function on the Nichols chart, are
shown in Fig. 2.

The process of selecting an appropriate L0 from the set of all
admissible L that satisfies the boundary conditions with mini-

-360 00 -315 00 -270 00 -225 00 -180 00 -135 00 -90 000 -H5 000 0 0000

phase (deg ) •

Fig. 2 Typical QFT performance and stability boundaries.
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mum controller gain and minimum controller bandwidth is the
very essence of QFT loop shaping. Traditionally, this aspect of
the design involves trial and error procedures. In an attempt to
systematize the process, we make the loop shaping procedure
automatic by first solving an associated H°° optimization
problem. The H°° optimal controller is then used as an initial-
izing controller in a nonlinear optimization automatic loop
shaping algorithm developed by Thompson.29 The initializing
H°° controller is needed in the routine because, unless an initial
controller is near to the optimum in the low-frequency region,
the optimization scheme may converge to some unacceptable
local optimum. The //°° controller often satisfies the nearness
condition and, hence, avoids the problem. To determine the
H°° controller, we make use of the following standard result
from H°° control theory. Let

as well as V ~ l ( s ) are both in //°°,20'27 such that

(52)

almost everywhere. Next, approximate V(s) uniformly by an
RH°° function V(s) such that

(53)\V(iu)\ Vo;>0

Now the sensitivity specifications

(27-31)= >\\M-l(a)S(a,iw)\\00<i IVa £ 12

Define M~l(u>) :=M(w). Similarly, assume that M(co)
and satisfies

P(a,s)-P0(s)dc(s) : = max
a € 17

Theorem 1: Assume that all plants in the family

P(a,s)-P0(s)
P = ]P(a,s): max

a 60

(42)

(43)

have the same number of right half plane (RHP) poles. Let
W(s) 6#//°° satisfy M-I(W)<\ W(s)\, Vs. Then the closed-
loop system will meet the performance specification

(44)

if and only if

is stable and

[&G(s)\H0

where

SH =

(45)

(46)

(47)

and GH is the H°° controller.
Constructive necessary and sufficient conditions for the ex-

istence of GH satisfying these theorem conditions are not
known. However, by generating suitable RH°° weighting func-
tions W(s) and V(s), the following//00 minimization problem
can be set up:

(48)

where G is the set of all stabilizing controllers for P.
In standard H°° control, the choice of W and V is often

qualitative. We can make it quantitative by considering the
bounds given in the QFT specifications as follows.

Select V(s) € RH°° and satisfying

<5G(o?)< |K(io>)| Vco>0

Assume that <5G(co) 6 LOO and satisfies

log<5G(co) dco> - oo
o

Then it is known that the function

K(s): = exp -
i r . - o o . s - / X 1 + X2 dX

(49)

(50)

(51)

so that

W(s): = exp -

do; > - oo

l-/XslogM(X)
TT _oo 5 - /X 1+X2 dX

(54)

(55)

and W~ l(s) € H°°. Proceed to cary out a uniform approxima-
tion to W(s) by W(s). Now insert W(s) and V(s) at the
appropriate place in the H°° minimization problem (48), and
use either the polynomial method of Kwakernaak30 or the
broadband matching method of Verma and Jonckheere31 to
obtain an appropriate controller GH. Alternatively solve the
simpler H°° problem3:

G € min
\ws\\
\VH\

(56)

Indeed, ju<!/2 is a sufficient condition for the original H°°
problem (48) to be solved.3 Once GH is determined, we draw
the graph of L//(/o>) = P0G//(/w) on the Nichols chart. This
forms the initializing loop transmission function for the QFT
optimization algorithm. On the same Nichols chart is superim-
posed the standard QFT performance and stability boundaries
obtained from the templates from Eqs. (39) and (40). The
overdesign in the H°° solution will usually be graphically ap-
parent. The QFT optimization routine strives to reduce the
gain-bandwidth area of LH by moving LH(iu>) toward the
boundaries at every frequency. Once the boundary conditions
are satisfied, the loop transmission function can be rolled off
as rapidly as possible in order to reduce the controller band-
width, as shown in Fig. 3. The resultant loop transmission
function is designated as LQ. It is not difficult to show that

| V o > > 0 (57)

Starting with the same nominal models P0, Eq. (57) then estab-
lishes that

> 0 (58)

Thus, although general existence conditions for solvability
of the QFT optimization problem [(27) and (28)] are unknown,
the existence of an //°° solution, as given in Theorem 1, is
certainly a sufficient condition for solvability of the corre-
sponding QFT problem. The reason for this lies in the differ-
ent descriptions of the relative uncertainty P0/P in Eq. (37). In
QFT, P0/P is some contour centered at (1 + /O) in the complex
plane. On the other hand, the corresponding //°° description
of P0/P is a disk centered at (1 + /O) whose radius is given by
the maximum distance from (1 + /O) to the boundary of P0/P.
Consequently, the H°° uncertainty template at any frequency
entirely contains the corresponding QFT uncertainty template
at that frequency. As the loop transmission gain required to
satisfy constraints (26) at any frequency is directly proper-
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Fig. 3 LH and LQ superimposed on the problem boundaries.

tional to the spread or amount of uncertainty in P0/P at that
frequency, inequality (51) can be established easily.

V. Design Example
Here we present an example that details how uncertainty

representation and the difference in the subsequent design phi-
losophies can produce vastly different costs of feedback. The
example is a standard problem for control system design.32

Both the H°° design techniques and the QFT method were
applied to this example. Both methods were able to meet the
design specifications, with QFT doing slightly better in meet-
ing the performance specifications. However, the difference in
the cost of feedback between the QFT and the H°° solutions is
quite large, with QFT producing a significantly smaller cost of
feedback than the corresponding H°° solution. This is shown
dramatically by comparing the respective controller gains and
bandwidths for the H°° solution and QFT solution as done in
Fig. 4. The H°° problem was solved first and then used as the
initial design for the QFT optimization. After three iterations,
the controller shown in Fig. 4 was obtained.

Consider a plant transfer function:

P(s,k,a) =
ka

s(s , £€[1,10] 0€[1,10] (59)

Here, a= [ k , a ] T € QdR2. It is desired to find a suitable con-
troller G(s) such that

max|S(/co,a:)| <0.089|/aj 2 Vco > 0 (60)

Vco>0 (61)
2.5

max|//(/co,a:)| < ——- ,
™ c O //.i z

By choosing the nominal model as

10
s(0.l5-

(62)

i.e., with k and a at their maximum values, both QFT and H^
were able to solve the problem. For this model, the unstruc-
tured H°° perturbation is

(63)

Whereas for QFT, any member of P(s,k,a) is an admissible
nominal model, for //°°, one must use the maximum plant
as given by P0(s), or a specific model for which the H°°
weighting functions yield an admissible solution for otherwise
| A/77(0)| > 1. But for robust stabilty,

which would then imply that //(0)| < 1, thus contradicting the
performance requirement following from S(/o>) + / /( /a>)=l,
that H(0) = 1. For details, see Ref. 32. Using the same nominal
models, the H°° solution with the weights:

where

1
0.089| (;co)| 2

1
~ |Am(/w)|

is given by

-22123 SIH ' (s + 8£ - 10)(5 + 1 E - l)(s + 2)(5 + 4498)
(64)

Using this as the initial controller produced the following QFT
design after a three iterate visual optimization:

Go = 1.2 (65)

In this rather simple problem, the full power of the loop shap-
ing optimization algorithm turned out not to be needed. For
the situation when the algorithm is imperative, see Ref. 33.
Examination of Figs. 3 and 5 clearly show that

dco> dco (66)

100

-50 -

-100 -

-150 •

-200 -

-250
10-2

rad/s
Fig. 4 Frequency response of GH and GQ compared with GQ from
tradition QFT.
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100

Fig. 5 Comparison of the sensitivities SH and SQ.

This implies that the QFT cost of feedback is much less than
the corresponding H°° cost of feedback when both address the
same nominal models and the same performance specifications
as expected, where SH and SQ are, respectively, the H°° and
QFT sensitivity functions. Observe that GQ is strictly proper as
desired, whereas GH is not (it is only proper). This procedure
can be extended to the multivariable case.34

VI. Conclusions
Quantitative feedback theory is a very useful robust design

methodology whenever large parametric uncertainty and hard
constraints on closed-loop response are indicated. Until re-
cently, however, the technique relied almost entirely on semi-
analytical and graphical methods, making comparison with
H°° control indirect, at best. By using H°° control as an initial
trial design, however, the QFT methodology can be system-
atized. The formalization of the QFT process such as is pre-
sented here makes comparison with H°° and p synthesis
straightforward. The result of the noninclusion of phase in-
formation in these methods is the inevitability of a higher cost
of feedback, as shown by the example. The extension of
these ideas to multivariable systems is not difficult. Investi-
gations into the adaptation of this approach to nonlinear con-
trol design along the lines originally suggested by Horowitz is
in progress.

Acknowledgments
Financial support from the Air Force Office of Scientific

Research under Contract F49629-88-C-0053 and from the
Allison Gas Turbine Division of General Motors Corporation
under Contract 530-1288-0875 is greatly appreciated. David
F. Thompson developed the loop optimization software.

References
'Dorato, P., and Yedavali, R. (eds.), Recent Advances in Robust

Control, IEEE Press, New York, 1990.
2Zames, G., "Feedback and Optimal Sensitivity: Model Reference

Transformation, Multiplicative Semi Norms, and Approximate In-

verses," IEEE Transactions on Automatic Control, Vol. AC-26, April
1981, pp. 301-320.

3Francis, B. A., A Course in H°° Control Theory, Lecture Notes in
Control and Information Sciences,, Springer-Verlag, New York, 1987.

4Maciejowski, J., Multivariable Feedback Design, Addison-Wes-
ley, Reading, MA, 1989.

5Horowitz, I. M., "Fundamental Theory of Linear Feedback Con-
trol Systems," Transactions of the IRE Professional Group on Auto-
matic Control, AC-4, 5019, 1959.

6Horo\vitz, I. M., and Sidi, M., "Synthesis of Feedback Systems
with Large Plant Ignorance for Prescribed Time-Domain Toler-
ances," International Journal of Control, Vol. 16, No. 2, 1972,
pp. 287-309.

7Shaked, U., and Horowitz, I. M., "Synthesis of Basically Non-
Interacting Systems with Significant Plant Uncertainty," Automatica,
Vol. 12, 1976, pp. 61-73.

8Horowitz, I. M., "Quantitative Synthesis of Uncertain Multiple
Input-Output Feedback Systems," International Journal of Control,
Vol. 30, 1979, pp. 81-106.

9Horowitz, I. M., and Sidi, M., "Practical Design of Multivariable
Feedback Systems with Large Plant Uncertainty," International Jour-
nal of System Science, Vol. 12, 1980, pp. 851-875.

l°Horowitz, I. M., "Quantitative Feedback Theory," 1EEProceed-
ings, Pt. D: Control Theory and Applications, Vol. 129, No. 6, 1982,
pp. 215-226.

HJayasuriya, S., Nwokah, O. D. I., and Yaniv, O., "The Bench-
mark Problem Solution by Quantitative Feedback Theory," Journal
of Guidance, Control, and Dynamics (submitted for publication).

12Perez, R. A., Nwokah, O. D. I., and Thompson, D. F., "Almost
Decoupling by Quantitative Feedback Theory," Proceedings of the
American Control Conference, Boston, MA, 1991, pp. 2001-2006;
also Journal of Dynamic Systems and Control (to be published).

13Nwokah, O. D. I., "Strong Robustness in Uncertain Multivar-
iable Systems," Proceedings of IEEE Conference on Decision and
Control, Inst. of Electrical and Electronics Engineers, 1988, pp. 2157-
2164.

14Foo, Y. K., and Postlethwaite, I., "Extensions of the Small /x-Test
for Robust Stability," IEEE Transactions on Automatic Control,
Vol. AC-33, 1988, pp. 172-176.

15Astrom, K. J., Neumann, L., and Gutman, P. O., "A Compari-
son of Robust and Adaptive Control," Proceedings of the ICCON '89
Conference, Session WP-2-3, Inst. of Electrical and Electronics Engi-
neers, New York, 1989, pp. 8-14.

16Bailey, F. N., and Hui, C. H., "Loop Gain-Phase Shaping For
Single-Input-Single-Output Robust Controllers," IEEE Control Sys-
tem Magazine, Vol. 11, 1991, pp. 93-101.

17Bailey, F. N., and Cockburn, J. C., "Loop Gain Phase Shaping
Design for SISO Robust Controllers with Mixed Uncertainty," Pro-
ceedings of the American Control Conference, Boston, MA, June
1991.

18Morari, M., and Zafiriou, E., Robust Process Control, Prentice-
Hall, Englewood Cliffs, NJ, 1989.

19Doyle, J. C., "Quantitative Feedback Theory and Robust Con-
trol," Proceedings of the American Control Conference, Minneap-
olis, MN, 1987.

20Robinson, E. A., Random Wavelets and Cybernetic Systems,
Hafner, New York, 1962.

21Krishnan, K. R., and Cruickshanks, A., "Frequency-Domain
Design of Feedback Systems for Specified Insensitivity of Time-
Domain Response to Parameter Variation," International Journal of
Control, Vol. 25, No. 4, 1977, pp. 609-620.

22Cruz, J. B., and Perkins, W. R., "A New Approach to the Sensi-
tivity Problem in Multivariable Feedback System Design," IEEE
Transactions on Automatic Control, Vol. AC-9, 1964, pp. 216-223.

23Nwokah, O. D. I., Jayasuriya, S., and Chait, Y., "Parametric
Robust Control by Quantitative Feedback Theory," Proceedings of
the American Control Conference, Boston, MA, June 1991, pp. 1975-
1979.

24Netushil, A. (ed.), Theory of Automatic Control Systems, MIR,
Moscow, USSR, 1973.

25Freudenberg, J. S., and Looze, D. P., Frequency Domain Proper-
ties of Scalar and Multivariable Feedback Systems, Springer-Verlag,
New York, 1988.

26Rosenbrock, H. H., Computer Aided Control System Design,
Academic, London, 1974.

27Hoffman, K., Banach Spaces of Analytic Functions, Prentice-
Hall, Englewood Cliffs, NJ, 1972.

28Gera, A., and Horowitz, I. M., "Optimization of the Loop Trans-
fer Function," International Journal of Control, Vol. 31, 1980,
pp. 389-398.



214 NWOKAH, JAYASURIYA, AND CHAIT J. GUIDANCE

29Thompson, D. F., "Optimal and Sub-optimal Loop Shaping in
Quantitative Feedback Theory," Ph.D. Dissertation, Purdue Univ.,
West Lafayette, IN, Aug. 1990.

30Kwakernaak, H., "Minimax Frequency Domain Performance
and Robustness Optimization of Linear Feedback Systems," IEEE
Transactions on Automatic Control, Vol. AC-30, 1985, pp. 994-1004.

31Verma, ML, and Jonckheere, E., "L°° Compensation with Mixed
Sensitivity as a Broadband Matching Problem," Systems and Control
Letters, Vol. 4, 1984, pp. 125-129.

32Chait, Y., and Hollot, C. V., "A Comparison Between H°°

Methods and QFT for a SISO Plant with Both Plant Uncertainty
and Performance Specifications," Recent Developments in Quantita-
tive Feedback Theory, edited by O. D. I. Nwokah, ASME-DSC-Vol.
24, American Society of Mechanical Engineers, Nov. 1990.

33Thompson, D. F., and Nwokah, O. D. I., "Frequency Response
Specifications and Sensitivity Functions in Quantitative Feedback
Theory," Journal of Dynamic Systems Measurement and Control (to
be published).

34Nwokah, O. D. I., Thompson, D. F., and Perez, R. A., "On the
Existence of QFT Controllers," ASME-WAM, Dallas, TX, 1990.


